
Chapter 11
A Preconditioned Scheme for Nonsymmetric
Saddle-Point Problems

Abdelkader Baggag

Abstract In this paper, we present an effective preconditioning technique for solv-
ing nonsymmetric saddle-point problems. In particular, we consider those saddle-
point problems that arise in the numerical simulation of particulate flows—flow of
solid particles in incompressible fluids, using mixed finite element discretization of
the Navier–Stokes equations.

These indefinite linear systems are solved using a preconditioned Krylov sub-
space method with an indefinite preconditioner. This creates an inner–outer itera-
tion, in which the inner iteration is handled via a preconditioned Richardson scheme.
We provide an analysis of our approach that relates the convergence properties of
the inner to the outer iterations. Also “optimal” approaches are proposed for the
implicit construction of the Richardson’s iteration preconditioner. The analysis is
validated by numerical experiments that demonstrate the robustness of our scheme,
its lack of sensitivity to changes in the fluid–particle system, and its “scalability”.

11.1 Introduction

Many scientific applications require the solution of saddle-point problems of the
form [

A B

BT 0

][
u
p

]
=
[

a
b

]
, (11.1)

where A ∈ R
n×n and B ∈ R

n×m with m ≤ n, and where the (n + m) × (n + m)

coefficient matrix

A =
[

A B

BT 0

]
,

is assumed to be nonsingular. Such systems are typically obtained when “Lagrange
multipliers” or mixed finite element discretization techniques are employed. Exam-
ples of these include, but are not limited to, the equality-constrained quadratic pro-
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gramming problems, the discrete equations which result from the approximation of
elasticity problems, Stokes equations, and the linearization of Navier–Stokes equa-
tions [2, 15, 16, 29, 39, 47]. When the matrix A is symmetric and positive definite,
the problem (11.1) has n positive and m negative eigenvalues, with well defined
bounds [57]. If the matrix A is symmetric indefinite or nonsymmetric, little can be
said about the spectrum of the indefinite matrix A .

Much attention has been paid to the case when A is symmetric positive defi-
nite, e.g. see [1, 6, 8, 9, 11–13, 18, 22, 25–28, 32, 40, 46, 54–56, 64, 71–75], and
more recently to the case when A is nonsymmetric [3, 4, 10, 14, 17, 19–21, 23, 24,
31, 41, 44, 45, 61–63, 65]. In this paper, A is assumed to be nonsymmetric and B

of full column rank. Here, we adopt one of the symmetric indefinite precondition-
ers studied, among others, by Golub and Wathen [31], for solving Eq. (11.1) via a
preconditioned Krylov subspace method, such as GMRES, with the preconditioner
given by

M = 1

2

(
A + A T

) =
[
As B

BT 0

]
. (11.2)

Here, As is the symmetric part of A, i.e., As = (A + AT )/2. The motivating
application in our paper produces a block diagonal matrix As in which each block
has the following properties:

1. positive definite and irreducibly diagonally dominant, i.e., for each diagonal
block A

(k)
s = [a(s)

ij ] is irreducible, and a
(s)
ii ≥∑j �=i |a(s)

ij | with strict inequality
holding for at least one i, and

2. ‖As ‖F ≥ ‖Ass ‖F where ‖ · ‖F denotes the Frobenius norm, and Ass = (A −
AT )/2 is the skew symmetric part of A.

Thus, the preconditioner M is nonsingular, and the Schur complement,
−(BT A−1

s B), is symmetric negative definite.
The application of the preconditioner M in each Krylov iteration requires the

solution of a linear system of the form
[
As B

BT 0

][
x
y

]
=
[

f
g

]
. (11.3)

The focus of our study is the development of a preconditioned Richardson iter-
ative scheme for solving the above symmetric indefinite system (11.3) in a nested
iterations setting that ensures the convergence of the inner iterations.

This system can be reformulated as

As x = f − B y, (11.4)(
BT A−1

s B
)

y = BT A−1
s f − g. (11.5)

Thus, one may first solve Eq. (11.5) to obtain y, then solve Eq. (11.4) to get x.
Using a conjugate gradient algorithm for solving Eqs. (11.5), and (11.4), one cre-
ates an inner–outer iterative scheme [11]. This is the approach used in the classical
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Uzawa scheme [1]. It turns out that in order to ensure convergence of the outer it-
eration, it is necessary to solve systems in the inner iteration with relatively high
accuracy [13, 22]. For large-scale applications, such as the numerical simulation of
particulate flows, solving linear systems involving As or (BT A−1

s B) is not practi-
cal, as the action of A−1

s must be computed on various vectors. Consequently, the
approach we adopt here is to replace the cost of computing the action of A−1

s by
the cost of evaluating the action of some other “more economical” symmetric posi-
tive definite operator Â−1 which approximates A−1

s in some sense. Thus, the linear
system (11.4) is solved via the iteration

xk+1 = (
I − Â−1As

)
xk + Â−1f, (11.6)

where f = f − B y and Â is an appropriate symmetric positive definite splitting that
assures convergence, i.e., α = ρ(I − Â−1As) < 1, where ρ(·) is the spectral radius.

Similarly, we replace As by Â in (11.5) and solve the resulting “inexact” system,

(
BT Â−1B

)
y = BT Â−1f − g, (11.7)

instead of the original system Eq. (11.5), via the iteration

yk+1 = [
I − Ĝ−1(BT Â−1B

)]
yk + Ĝ−1ŝ, (11.8)

where ŝ = BT Â−1f − g, and Ĝ−1 is an inexpensive symmetric positive definite

approximation of the inverse of the inexact Schur complement (BT Â−1B)
−1

that
assures convergence of Eq. (11.8), i.e., β = ρ(I − Ĝ−1(BT Â−1B)) < 1. Moreover,

Ĝ−1 is chosen such that (I − Ĝ− 1
2 (BT Â−1B)Ĝ− 1

2 ) is positive definite.
Similarly, if we define the symmetric preconditioner M̂ to the system (11.3) as

M̂ =
[

Â B

BT −Ĝ + (BT Â−1B)

]
, (11.9)

we obtain the following preconditioned Richardson iterative scheme for solving Eq.
(11.3):

[
xk+1
yk+1

]
=
[

xk

yk

]
+
[

Â B

BT −Ĝ + BT Â−1B

]−1 {[
f
g

]
−
[
As B

BT 0

][
xk

yk

]}
, (11.10)

that is convergent if and only if ρ(I − M̂ −1M ) < 1.
Thus, our proposed nested iterative scheme is shown in Fig. 11.1 in which the

outermost iteration is that of a Krylov subspace method (we use restarted GMRES
throughout this paper), and the preconditioning operation itself is doubly nested.
Our focus here is the development of an algorithm for the most inner iteration, i.e.
solving systems involving the symmetric indefinite preconditioner (11.2) using the
preconditioned Richardson iteration (11.10).
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Fig. 11.1 A nested iterative
scheme

In the Golub–Wathen study [31], an iteration of the form
[
As B

BT 0

][
uk+1
pk+1

]
=
[
(As − A) 0

0 0

][
uk

pk

]
+
[

a
b

]
,

is used, which does not always converge, and when used as an inner iteration within
full GMRES, systems of the form M z = r, in the inner-most loop {c} of Fig. 11.1,
are solved using a direct scheme. This could be as time-consuming as solving di-
rectly the nonsymmetric system (11.1), especially for very large systems.

In our study, the monotone convergence of our inner iteration (11.10) is guaran-
teed, and the performance of our nested scheme in Fig. 11.1 does not degrade as
the mesh size decreases. Moreover, the construction of the preconditioner M̂ of the
Richardson iteration is simple and economical.

In this paper, we analyze the iterative scheme (11.10) and show that a sufficient
condition for monotone convergence is max{α,β } < (

√
5 − 1)/2, and thus relating

the rate of convergence of the inner iterations to the outer iteration, even though Eq.
(11.8) is not the iteration that corresponds to the exact system (11.5) to be solved
but to a modified one, (11.7), which, we will show, is not required to be solved
accurately.

We use a simple explicit approximate inverse A−1
0 of A−1

s for which α0 =
ρ(I − A−1

0 As) < 1 and obtain an iteration for improving the convergence rate of

Eq. (11.6). The matrix Ĝ−1 is not formed explicitly and the solution of systems
involving Ĝ is achieved via the CG scheme, thus the only operations involved in
the proposed nested iterative scheme (11.10) are matrix-vector multiplications and
vector operations.

Our preconditioning strategy of the inner Richardson iteration is motivated by
the study of Bank, Welfert and Yserentant [6] on a class of iterative methods for
solving saddle-point problems. We extend it in this paper with some new results
and a new analysis that relates the proposed iterative scheme to Uzawa’s method.
Further, we use our scheme for solving those indefinite linear systems that arise
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from the mixed finite element discretization of 2D particulate flow problems, using
P2-P1 type elements.

In what follows, we introduce the motivating application, the proposed nested
iterative scheme, and analyze its convergence properties. We propose “opti-
mal” approaches for the construction of Â−1 and Ĝ−1 approximating A−1

s and

(BT Â−1B)
−1

, or their actions on vectors, so as to assure convergence of our
scheme. We also demonstrate the robustness of our nested iterative scheme as a
preconditioner, its lack of sensitivity to changes in the fluid–particle systems, and
its “scalability”.

11.2 Motivating Application

Direct numerical simulation of particulate flows is of great value in a wide range
of industrial applications such as enhancing productivity of oil reservoirs and the
manufacturing process of polymers. From the numerical point of view, there are
three classes of algorithms to handle such direct simulations, namely the space-time
technique [35–38, 69], the “fictitious domain” formulation [30], and the “Arbitrary
Lagrangian Eulerian” formulation, e.g. see [34, 42, 43, 48–51, 70]. All use finite
elements for spatial discretization, and are based on a combined weak formulation,
in which fluid and particle equations of motion are combined into a single weak
equation of motion from which the hydrodynamic forces and torques on the particles
have been eliminated, e.g. see [3, 4, 42] for details.

The particulate flow system is represented via the use of projection matrices that
describe the constraints imposed on the system by the boundary conditions on the

particle surfaces, where the vector velocity is reordered as [uT
I , uT

Γ ]T , in which
uΓ contains the components of the velocity field associated with the vertices on
the particle boundaries, with the projection matrix applied to the decoupled system
leading to a nonsymmetric (indefinite) saddle-point matrix with “borders”.

For the direct numerical simulation of particulate flows, one must simultaneously
integrate the Navier–Stokes equations, which govern the motion of the fluid, and
the equations of rigid-body motion. These equations are coupled through the no-
slip condition on the particle boundaries, and through the hydrodynamic forces and
torques which appear in the equations of the rigid-body motion, e.g. see [3, 4, 42].

To establish a structurally symmetric matrix formulation of the coupled fluid–
particle system, e.g. see [51] or [42], the first step is to assemble the matrices cor-
responding to the decoupled problem, where the no-slip condition is not taken into
consideration. The Jacobian J̃ of the decoupled fluid–particle system has the fol-
lowing algebraic form:

J̃ =
⎡
⎣ A B

BT 0
Mp

⎤
⎦ ,
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in which case, the variable unknowns are ordered as follows

⎡
⎣u

p
U

⎤
⎦ u : fluid velocity at each node

p : fluid pressure
U : particles velocity vector

and where Mp denotes the mass matrix of the np particles. Mp is block-diagonal
and its size is 3np for 2D motion.

Since the approximate solution of the particulate flow problem is to be found
in the subspace satisfying the no-slip condition, the constraints can be described in
terms of a projection matrix. To clarify this further, the velocity unknowns may be
divided into two categories, uI for interior velocity unknowns and uΓ for veloc-
ity unknowns on the surface of the particles. The Jacobian of the decoupled fluid–
particle system is reordered accordingly, and hence the corresponding linear system
is expressed in the following form:

⎡
⎢⎢⎣

AII AIΓ BI

AΓ I AΓ Γ BΓ

BT
I BT

Γ 0
Mp

⎤
⎥⎥⎦
⎡
⎢⎢⎣

uI

uΓ

p
U

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

fI
fΓ
g
fp

⎤
⎥⎥⎦ .

The no-slip condition on the surface of the particles requires that uΓ = QU,
where Q is the projection matrix from the space of the surface unknowns onto the
particle unknowns. Hence,

⎡
⎢⎢⎣

uI

uΓ

p
U

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

In×n 0 0
0 0 Q

0 Im×m 0
0 0 I3np×3np

⎤
⎥⎥⎦
⎡
⎣uI

p
U

⎤
⎦ = Q̃

⎡
⎣uI

p
U

⎤
⎦ .

Finally, the Jacobian of the nonlinear coupled fluid–particle system can be writ-
ten as J = Q̃T J̃ Q̃, and we obtain the nonsymmetric bordered “saddle-point” prob-
lem,

⎡
⎣ AII BI AIΓ Q

BT
I 0 BT

Γ Q

QT AΓ I QT BΓ QT AΓ Γ Q + Mp

⎤
⎦
⎡
⎣uI

p
U

⎤
⎦ =

⎡
⎣fI

g
f̄p

⎤
⎦ , (11.11)

where the last block-column has a size equal to 3np for 2D motion.
Writing the Jacobian as

J =

⎡
⎢⎢⎣ A B

C T D

⎤
⎥⎥⎦ , (11.12)
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Fig. 11.2 Field ordering

in which case, the variable unknowns are (always) ordered as follows, see Fig. 11.2
⎡
⎣uI

p
U

⎤
⎦ uI : fluid velocity for the interior nodes

p : fluid pressure
U : particles velocity vector

and where the different block matrices are given by

A =
[
AII BI

BT
I 0

]
∈ R

(n+m)×(n+m), B =
[
AIΓ

BT
Γ

]
Q ∈ R

(n+m)×3np ,

C T = QT
[
AΓ I BΓ

] ∈ R
3np×(n+m), D = QT AΓ Γ Q + Mp ∈ R

3np×3np .

It can be shown, e.g. see [3, 4], that

1. A and D are nonsingular, with (D + DT )/2 symmetric positive definite,
2. B and C are of full-column rank,
3. As = (AII + AT

II )/2 is symmetric positive definite, and that AII and AΓ Γ are
positive stable, and

4. for the application considered here, Reynolds number ≤ 100, our choice of an
effective time step, �t = 0.01, and the discretization scheme adopted, the block
diagonal matrix As is assured of having irreducibly diagonally dominant blocks.

Example 11.1 To verify numerically the above observations, we have conducted the
simulation of a sedimentation experiment with 20 circular particles of diameter 1.0
in a channel of width 12.8 and length 124.0. Some information about the associated
linear systems are displayed in Table 11.1, and the eigenvalue distribution of AII is
shown in Fig. 11.3. We clearly see that all the eigenvalues of AII are on the right
half of the complex plane, i.e., they all have positive real parts.
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Table 11.1 Description of a small problem

Time �t = 0.01, Re = 100.0, Newton Iteration 5, 20 Particles
1

2
‖AII + AT

II ‖F

1

2
‖AII − AT

II ‖F size(AII ) size(A ) cond(A )

5�t 4 × 103 13 3994 4733 108

Fig. 11.3 Eigenvalue distribution of AII at time step 5 (zoomed)

11.2.1 Properties of the Matrices

As the simulation time progresses, the structure of A , its size and bandwidth vary,
and its condition number increases. Generally, the flow simulation is characterized
by three stages: the beginning, middle, and end of the simulation. Throughout the
beginning and end stages, ‖As‖F � ‖Ass‖F . In the middle stage, however, as the
particulate flow becomes fully coupled, the Frobenius norm of the skew-symmetric
part, ‖Ass‖F , increases to approach ‖As‖F . Our experience indicates that Krylov
subspace methods fail in solving Eq. (11.11) with classical (“black-box”) precondi-
tioners, even after only a few time steps, e.g., see [34, 42].
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11.3 Solution Strategy

Since D is of much smaller dimension than A in Eq. (11.12), we solve Eq. (11.11)
using the Schur complement approach by solving,

⎡
⎢⎢⎣ A B

S1

⎤
⎥⎥⎦
⎡
⎢⎢⎣ x̃

ỹ

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

f

f̂p

⎤
⎥⎥⎦ .

We first solve the Schur complement system S1̃y = f̂p for ỹ, where

S1 = [
D − C T A −1 B

]
and f̂p = [

f̄p − C T A −1 f
]
,

and once ỹ is obtained, x̃ is recovered by solving,

A x̃ = f − B ỹ,

via a preconditioned Krylov subspace method, such as GMRES [59]. In any case,
the major task in solving Eq. (11.11) is the solution of a nonsymmetric saddle-point
problem.

In the remainder of this paper, we concentrate on solving saddle-point systems
of the form A x̃ = b using a Krylov subspace method such as GMRES, see Algo-
rithm 11.1, with the indefinite preconditioner,

M = 1

2

(
A + A T

) =
[
As BI

BT
I 0

]
.

The inclusion of the exact representation of the (1,2) and (2,1) blocks of the pre-
conditioner M leads one to hope for a more favorable distribution of the eigenvalues
of the (left-)preconditioned linear system. The eigenvalues of the preconditioned co-
efficient matrix M −1A may be derived by considering the generalized eigenvalue
problem [

AII BI

BT
I 0

][
x
y

]
= λ

[
As BI

BT
I 0

][
x
y

]
,

which has an eigenvalue at 1 with multiplicity 2m, and (n − m) eigenvalues which
are defined by the generalized eigenvalue problem, e.g. see [39]

QT
2 AII Q2 z = λ QT

2 As Q2 z, (11.13)

where BI = [Q1Q2][ R
0 ]. Thus, since AII = As + Ass , Eq. (11.13) is equivalent to

(λ − 1) = z� QT
2 Ass Q2 z

z� QT
2 As Q2 z

, ∀z �= 0,
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Algorithm 11.1: Generalized Minimum RESidual (GMRES) [59]

1: Compute r0 = M −1(b − A x̃0),β = ‖ r0 ‖2, v1 = r0/β .
2: for j = 1, . . . ,m do
3: Compute w = M −1(A vj ).
4: for i = 1, . . . , j do
5: hi,j = 〈w, vi〉.
6: w = w − hi,j vi .
7: end for
8: Compute hj+1,j = ‖w‖2 ;

andvj+1 = w/hj+1,j .
9: end for

10: Define Vm = [v1 · · · vm

]
, H̄m = {hi,j }1≤i≤j+1;1≤j≤m

11: Compute ȳm = argminȳ ‖β e1 − H̄m ȳ‖2 ;
and ;
x̃m = x̃0 + Vm ȳm.

12: If satisfied Stop, else set x̃0 = x̃m ;
and GOTO 1.

which means that if As is dominant, the eigenvalues λ are clustered around (1 ±
iγ ). Hence, the solution procedure is as follows. Solve linear systems involving the
matrix A , which is the (1,1) (indefinite) saddle-point block of the Jacobian given in
Eq. (11.11), by a preconditioned Krylov subspace method. Choosing an indefinite
preconditioner M of the form Eq. (11.2), Step 3 of Algorithm 11.1, i.e., operations
of the form w = M −1(A v) are handled via the proposed nested iterative scheme.
Thus the algorithms presented in this paper are for solving the systems in the inner-
most loop of Fig. 11.1.

In what follows, we drop the subscript “I”.

11.4 Proposed Nested Iterative Scheme

The matrix M can be factored as

M =
[

As 0
BT I

][
A−1

s 0
0 −G

][
As B

0 I

]
, (11.14)

where G = (BT A−1
s B). For many practical problems, an important feature of the

system (11.14) is that the action of the matrices A−1
s and G−1 can be approximated

by “simple” matrices Â−1 and Ĝ−1, in the sense that even though the computational
cost of solving linear systems with the coefficient matrices Â and Ĝ is low, the
overall behavior of the algorithm lends itself to fast convergence. Other methods,
with optimal order of computational complexity, are available for solving linear
systems involving As , such as multigrid methods, e.g. see [5, 18, 71, 72].
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The factorization (11.14) suggests an approximation of M given by

M̂ =
[

Â 0
BT I

][
Â−1 0

0 −Ĝ

][
Â B

0 I

]
, (11.15)

where Â−1 and Ĝ−1 are approximations of A−1
s and (BT Â−1 B)

−1
, respectively,

and are assumed to be symmetric and positive definite.
Observing that the symmetric indefinite preconditioner M̂ in Eq. (11.15) is non-

singular, with exactly n positive and m negative eigenvalues, the nested iterative
scheme for solving the symmetric saddle-point problem (11.3) consists of the pre-
conditioned Richardson iteration (11.10),

[
xk+1
yk+1

]
=
[

xk

yk

]
+
[

Â B

BT −Ĝ + BT Â−1B

]−1 {[
f
g

]
−
[
As B

BT 0

][
xk

yk

]}
,

where we consider the splitting M = M̂ − N , with N being the defect matrix of
the splitting.

This is equivalent to solving the following set of equations, which may be re-
garded as a version of a preconditioned inexact Uzawa algorithm with an additional
correction step for x, e.g. see [6, 74, 75]:

Â
(
x̂k+1 − xk

) = f − [As xk + B yk],
Ĝ (yk+1 − yk) = BT x̂k+1 − g,

Â
(
xk+1 − x̂k+1

) = −B (yk+1 − yk).

The corresponding algorithm is outlined by the following steps in Algo-
rithm 11.2.

Algorithm 11.2: Nested iterative scheme
1: Initialize: x = x0, y = y0.
2: for k = 0,1, . . . , until convergence do
3: Compute rk = f − [As xk + B yk

]
.

4: Compute sk = g − BT xk .
5: Solve Â ck = rk .
6: Solve Ĝdk = BT ck − sk .
7: Solve Â ck = rk − B dk .

8: Update

[
xk+1
yk+1

]
=
[

xk

yk

]
+
[

ck

dk

]
.

9: end for

Remark 11.1 Step 7 in Algorithm 11.2 may be rearranged as

ck := ck − Â−1(B dk),
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where Â−1(B dk) is obtained as a byproduct of Step 6. This can save the application
of Â−1 at the end of every outer iteration, and thus improves the efficiency of the
algorithm.

In each iteration step k of the nested iterative algorithm, five matrix-vector mul-
tiplications are required, namely As xk , B yk , BT xk , BT ck , and B dk ; in addition to
solving three systems, two of them involve Â and the third involves Ĝ.

11.5 Convergence Analysis of the Nested Iterative Scheme

The iteration matrix of the preconditioned Richardson iteration (11.10) is given by

K = (I − M̂ −1 M
)= M̂ −1(M̂ − M ),

where M and M̂ are given by Eqs. (11.2) and (11.9), respectively. Observing that

M̂ − M =
[
Â − As 0

0 −Ĝ + (BT Â−1B)

]
,

and assuming that Â and Ĝ are symmetric positive definite, then

¯K =
[
Â

1
2 0

0 Ĝ
1
2

]
K

[
Â− 1

2 0

0 Ĝ− 1
2

]
,

has the same eigenvalues as K , and is given by

¯K =
[
I − B̄B̄T B̄

B̄T −I

][
(I − Ā) 0

0 −(I − Ḡ)

]
, (11.16)

in which

Ā = Â− 1
2 As Â− 1

2 ∈ R
n×n, (11.17)

B̄ = Â− 1
2 B Ĝ− 1

2 ∈ R
n×m, (11.18)

Ḡ = Ĝ− 1
2
(
BT Â−1B

)
Ĝ− 1

2 = B̄T B̄ ∈ R
m×m. (11.19)

Hence, the eigenvalues of K are close to zero when Â−1 and Ĝ−1 are close to

A−1
s and (BT Â−1B)

−1
, respectively.

Theorem 11.1 Let α and β be the rates of convergence of the inner iterations (11.6)
and (11.8), respectively, defined by

α = ρ
(
I − Â−1As

) = ∥∥ I − Ā
∥∥

2 < 1,
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and

β = ρ
(
I − Ĝ−1(BT Â−1B

) ) = ∥∥ I − Ḡ
∥∥

2 < 1,

then, in general, the iterative scheme (11.10) is monotonically convergent if

max{α, β} <

√
5 − 1

2
≈ 0.6180.

Moreover, if β ≡ 0, then a sufficient condition for convergence is α < 1, and
conversely, if α ≡ 0, then it suffices to have β < 1 to guarantee convergence of Eq.
(11.10).

Proof We divide the proof into three cases.

Case 1: α ≡ 0.
This special case corresponds to (I − Ā) ≡ 0, i.e.,

¯K =
[
0 −B̄ (I − Ḡ)

0 (I − Ḡ)

]
=⇒ ρ( ¯K ) = ∥∥ I − Ḡ

∥∥
2 = β.

Case 2: β ≡ 0.
This special case corresponds to (I − Ḡ) ≡ 0, i.e.,

¯K =
[
(I − B̄ B̄T )(I − Ā) 0

B̄T (I − Ā) 0

]
=⇒ ρ( ¯K ) = ρ

[(
I − B̄ B̄T

)(
I − Ā

)]
.

Therefore since α = ‖ I − Ā‖2, ρ( ¯K ) ≤ α ‖ I − B̄ B̄T ‖2.
Observing that in this case,

I − B̄ B̄T = I − Â− 1
2 B
(
BT Â−1B

)−1
BT Â− 1

2 ,

is an orthogonal projector, we have ‖ I − B̄ B̄T ‖2 = 1, and ρ( ¯K ) ≤ α.
Case 3: This is the general case in which α, β < 1. From Eq. (11.16), it is clear

that

ρ ( ¯K ) ≤
∥∥∥∥
[
( I − Ā ) 0

0 −( I − Ḡ
)
]∥∥∥∥

2
×
∥∥∥∥
[
I − B̄ B̄T B̄

B̄T −I

]∥∥∥∥
2
,

≤ max {α,β }
∥∥∥∥
[
I − B̄ B̄T B̄

B̄T −I

]∥∥∥∥
2
.

Let the singular value decomposition of B̄ = Â− 1
2 B Ĝ− 1

2 be given by

B̄ = W

[
Ω

0

]
YT , (11.20)

then

I − B̄ B̄T = W

[
Im − Ω2 0

0 In−m

]
WT ,
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where W ∈ R
n×n and Y ∈ R

m×m are orthogonal matrices and Ω ∈ R
m×m is a

diagonal matrix containing the singular values ωi of Â− 1
2 B Ĝ− 1

2 such that 1 >

ω1 ≥ ω2 ≥ · · · ≥ ωm > 0. Therefore,

[
I − B̄ B̄T B̄

B̄T −I

]
=
[
W

Y

]⎡⎣Im − Ω2 0 Ω

0 In−m 0
Ω 0 −Im

⎤
⎦[WT

YT

]
,

and

∥∥∥∥
[
I − B̄ B̄T B̄

B̄T −I

]∥∥∥∥
2
=
∥∥∥∥∥∥
⎡
⎣Im − Ω2 Ω

Ω −Im

In−m

⎤
⎦
∥∥∥∥∥∥

2

= max{1,‖T ‖2},

in which T is the symmetric matrix

T =
[
Im − Ω2 Ω

Ω −Im

]
,

and where the eigenvalues of T are given by

ψi = −1

2

[
ω2

i ±
√

ω4
i + 4

]
, i = 1,2, . . . ,m.

Since ω2
i < 1 due to the fact that (I − Ḡ) is positive definite, then

‖T ‖2 = 1

2

[
ω2

1 +
√

ω4
1 + 4

]
<

1 + √
5

2
,

and

ρ( ¯K ) <
1

2

(
1 + √

5
)

max {α, β}.

Thus, to guarantee that ρ( ¯K ) < 1, it is sufficient to have

1

2

(√
5 + 1

)
max {α, β } < 1,

or

max {α, β } <
1

2

(√
5 − 1

) ≈ 0.6180,

which completes the proof of Theorem 11.1. �

Remark 11.2 The previous results can be summarized as follows:

• If α = 0 then ρ(K ) = β , and all eigenvalues λ(K ) are real.
• If β = 0 then ρ(K ) ≤ α, and all eigenvalues λ(K ) are real, as will be seen

later in Lemma 11.2.



11 A Preconditioned Scheme for Nonsymmetric Saddle-Point Problems 233

• Otherwise the eigenvalues λ(K ) are complex, and with the appropriate α-β re-
lationship, ρ(K ) < 1.

Lemma 11.1 Let max {α, β } < (
√

5−1)/2, and (I −Ā) be positive definite. Then
the eigenvalues of the iteration matrix K = I − M̂ −1M , of the preconditioned
Richardson iteration (11.10), lie to the right of the imaginary axis, i.e., � (λ(K )) >

0, in addition to the fact that |λ(K )| < 1.

Proof Consider the eigenvalue problem K v = λv and let

D =
[
Â

1
2 0

0 Ĝ
1
2

]
,

then
(
D K D−1)(D v) = λ (D v),

or [
I − Ā 0

0 I − Ḡ

][
w1
w2

]
= λ

[
I B̄

−B̄T I − B̄T B̄

][
w1
w2

]
,

where Ā, B̄, and Ḡ are as given in Eqs. (11.17)–(11.19). Using the singular value
decomposition of B̄ in Eq. (11.20), we get the eigenvalue problem

⎡
⎣ Im 0 Ω

0 In−m 0

−Ω 0 Im − Ω2

⎤
⎦ z = 1

λ

[
Ã 0
0 I − Ω2

]
z,

where Ã = WT (I − Â− 1
2 AsÂ

− 1
2 )W is symmetric positive definite. Since ωi < 1,

we have

τ ‖ z‖2
2 = z�

[
Ã 0
0 I − Ω2

]
z > 0,

where z� = [z�
1 z�

2 z�
3], and

�
(

1

λ

)
= ‖ z‖2

2 − z�
3Ω

2z3

τ ‖ z‖2
2

,

≥ 1 − ω2
1

τ
> 0.

Hence, �(λ) > 0, i.e., all the eigenvalues of K lie to the right of the imaginary
axis, an ideal situation for acceleration via GMRES. �
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Lemma 11.2 For special case 2, when Ĝ = (BT Â−1B), i.e., β = 0, the Richardson
iteration matrix is given by

K =
[
Â− 1

2 0

0 Ĝ− 1
2

][
M 0
N 0

][
Â

1
2 0

0 Ĝ
1
2

]
,

where

M = (I − P)(I − Ā) ∈ R
n×n,

N = B̄T (I − Ā) ∈ R
m×n,

in which Ā and B̄ are as given in Eqs. (11.17) and (11.18), and P is the orthogonal
projector,

P = B̄B̄T = Â− 1
2 B
(
BT Â−1B

)−1
BT Â− 1

2 .

Then K has 2m zero eigenvalues, with ρ(K ) ≤ ρ(I − Ā) = α < 1, and the
submatrix of interest,

K11 = Â− 1
2 (I − P)

(
I − Ā

)
Â

1
2 ,

has a complete set of eigenvectors X with

κ2(X) ≤ (1 + μ̂),

where κ2(·) denotes the spectral condition number, and

μ̂ <

(
1 + √

5

2

)(
1

λ2
min(C)

)
.

Here,

C = (I − P)(I − Ā)(I − P), (11.21)

and 0 < |λmin(C)| = mini{|λi(C)| �= 0}.

Proof The fact that K has 2m zero eigenvalues is obvious from its structure and
the fact that (I − P) is an orthogonal projector of rank (n − m). Also, from The-
orem 11.1, we have ρ(K ) ≤ ‖I − Ā‖2 = α < 1. Next, we consider the eigenvalue
problem K11z = λz, or

(I − P)
(
I − Ā

)
w = λw, (11.22)

where w = Â
1
2 z. Observing that the symmetric matrix C given by Eq. (11.21) has

the same eigenvalues as Eq. (11.22) with an orthogonal set of eigenvectors V =
[V1,V2] such that

(I − P)
(
I − Ā

)
(I − P)V1 = V1Λ,
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and

(I − P)
(
I − Ā

)
(I − P)V2 = 0,

in which Λ = diag(λi), with λi �= 0, i = 1,2, . . . , n − 2m. Hence

(I − P)V1 = V1,

and

(I − P)V2 = 0.

Since

V T (I − P)(I − Ā)V =
[
V T

1 (I − Ā)V1 V T
1 (I − Ā)V2

0 0

]
,

=
[
Λ Ê

0 0

]
,

we can construct the nonsingular matrix

X = V

[
In−2m −Λ−1Ê

0 I2m

]
,

so that

X−1(I − P)
(
I − Ā

)
X =

[
Λ 0
0 0

]
.

Consider the matrix

Ĥ =
[
In−2m −H

0 I2m

]
,

where H = Λ−1Ê, then

‖Ĥ‖2
2 = 1 + μ̂,

in which

μ̂ =
[
μ2 +

√
μ4 + 4μ2

]/
2,

with μ being the largest singular value of H . Consequently,

‖X‖2
2 ≤ (1 + μ̂).

This upper bound can be simplified further by observing that

‖H‖2
2 ≤ α2

λ2
min(C)

<
1

λ2
min(C)

,
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in which α = ‖I − Ā‖2 and λmin(C) is the smallest nonzero eigenvalue of C. Hence

μ̂ <

(
1 + √

5

2

)(
1

λ2
min(C)

)
,

and

κ2(X) < 1 + 1.618

λ2
min(C)

,

which completes the proof. �

11.6 Construction of Â−1 and Ĝ−1

Â−1 and Ĝ−1 are approximations of A−1
s and (BT Â−1B)

−1
, respectively. They are

assumed to be symmetric and positive definite and are chosen such that α < 1 and
β < 1.

There are many ways to construct Â−1 and Ĝ−1. For example, Â can be
taken as the incomplete Cholesky decomposition of As or other preconditioners
of As . In this study, we always consider Â and Ĝ corresponding to several itera-
tion steps of a given iterative scheme for solving systems in Steps 5–7 of Algo-
rithm 11.2. For example, suppose A0 is a “simple” preconditioner for As , such that
α0 = ρ(I − A−1

0 As) < 1, in which A0 is obtained via a sparse approximate inverse
scheme (SPAI), e.g. see [7, 33]. If we use the following “convergent” scheme, see
Eq. (11.6), we have

xk+1 = (
I − A−1

0 As

)
xk + A−1

0 f, k = 0,1,2, (11.23)

for solving As x = f. Choosing the initial iterate x0 = 0, we obtain

x3 =
[(

I − A−1
0 As

)2 + (
I − A−1

0 As

) + I
]
A−1

0 f.

Thus, we have implicitly generated Â−1 as

Â−1 =
[(

I − A−1
0 As

)2 + (
I − A−1

0 As

) + I
]
A−1

0 ,

in which case it is easy to verify that

ρ
(
I − Â−1As

) = ρ3(I − A−1
0 As

) � 1.

Remark 11.3 One implicit matrix-vector multiplication with Â−1 consists of 3
matrix-vector multiplications with A−1

0 and 2 matrix-vector multiplications with As .
So the implicit acceleration via Eq. (11.23) results in more matrix-vector multipli-
cations, but if A−1

0 is a diagonal matrix, for example, the additional cost is minimal,
and the overall approach may be more economical than choosing a more accurate
approximation of A−1

s .
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Remark 11.4 In solving the linear system in Step 6 of Algorithm 11.2, we use
the conjugate gradient (CG) algorithm with Ĝ = BT Â−1B , i.e., β = 0. Note the
BT Â−1B is never formed explicitly, and the major operation in each CG iteration
is multiplying Ĝ by a vector. In our implementation in this study, however, we only
solve the system in Step 6 approximately using a relaxed stopping criterion.

11.6.1 Construction of Â−1

Recalling that each diagonal block of As is symmetric positive definite, and irre-
ducibly diagonally dominant, one can construct a diagonal matrix A−1

0 , with posi-

tive elements such that ρ(I − A
− 1

2
0 AsA

− 1
2

0 ) < 1. Moreover, it can be easily verified

that given such A−1
0 , then the action of the matrix Â−1 can be implicitly generated

via Eq. (11.23), such that ρ(I − Â− 1
2 AsÂ

− 1
2 ) = ρ3(I − A

− 1
2

0 AsA
− 1

2
0 ) = α3

0 � 1.

Theorem 11.2 Let the block diagonal matrix As = [a(s)
ij ] be symmetric positive def-

inite with each of its blocks irreducibly diagonally dominant, and let A−1
0 = diag(δi)

be the diagonal matrix that minimizes ‖ In − AsA
−1
0 ‖2

F
. Then

δi = a
(s)
ii

‖a(s)
i ‖2

2

,

where a(s)
i is the ith column of As , and the spectral radius

ρ
(
I − AsA

−1
0

)
< 1.

Proof Let

ϕ = ∥∥ In − AsA
−1
0

∥∥2
F

=
n∑

j=1

∥∥ ej − δj a(s)
j

∥∥2

2
;

then ϕ is minimized when δj is chosen such that it minimizes ‖ ej − δj a(s)
j ‖2

2
, or

δj = a
(s)
jj

‖a(s)
j ‖2

2

.

The eigenvalue problem,

(
In − AsA

−1
0

)
u = λu,
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yields

(1 − λ) = vT Asv
vT A0v

,

where v = A−1
0 u. Since both As and A0 are symmetric positive definite, we have

(1 − λ) > 0,

i.e., either λ is negative or has a positive value less than 1.
Next, consider the symmetric matrix S = 2A0 − As , and let

D = diag
(
a

(s)
11 , a

(s)
22 , . . . , a(s)

nn

)
,

As = D − E,

thus D− 1
2 AsD

− 1
2 = I − D− 1

2 ED− 1
2 , with ρ(D− 1

2 ED− 1
2 ) < 1, e.g., see [53,

Theorem 7.1.5, page 120].
Consequently,

D− 1
2 SD− 1

2 = Θ + D− 1
2 ED− 1

2 ,

where

Θ = diag

⎛
⎝2

‖a(s)
j ‖2

2

a
(s)
jj

2
− 1

⎞
⎠ = diag(1 + γj ) = I + �,

in which � = diag(γj ), and γj = 1

a
(s)
jj

2

∑
j �=i a

(s)
ij

2
> 0.

Thus,

D− 1
2 SD− 1

2 = Γ + (I + D− 1
2 ED− 1

2
)
,

and since ρ(D− 1
2 ED− 1

2 ) < 1, we see that S is symmetric positive definite. More-
over, it is easy to verify that

vT Sv = 2vT A0v − vT Asv,

= (1 + λ)

(1 − λ)
vT Asv,

and as a result we have −1 < λ < 1, or ρ(I − AsA
−1
0 ) < 1. �

In our numerical experiments, we consider also the more expensive approximate
Cholesky factorization for obtaining Â = RT R ≈ As . In this case, we obtain the
approximate factorization using a numerical drop tolerance as well as a prescribed
maximum fill-in per row.

Table 11.2 shows a few problem instances in the particulate flow simulation.
Results in Table 11.3 show that the reduction in the number of inner iterations
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Table 11.2 Description of the set of problems

Time �t = 0.01, Re = 100.0, Newton Iteration 5, 20 Particles
1

2
‖AII + AT

II ‖F

1

2
‖AII − AT

II ‖F size(AII ) size(A ) cond(A )

5�t 4 × 103 13 3994 4733 108

10�t 4 × 103 8 4336 5213 108

20�t 4 × 103 15 4179 4920 108

Table 11.3 Results with SPAI(As , diag) vs. IC(As , 15, 1.0e-3)

GMRES(20)

Problem SPAI(As ,diag) IC(As ,15,1.0e-3)

Instance α0 α = α3
0 inner outer α inner outer

5�t 0.8748 0.6694 12 1 0.4912 8 1

10�t 0.8842 0.6913 11 1 0.5217 8 1

20�t 0.8617 0.6398 12 1 0.5021 8 1

(Richardson iterations in Algorithm 11.2) realized by using the expensive explicit
generation of Â via the approximate Cholesky factorization, is not sufficient to jus-
tify its use. Note that the number of inner iterations listed in Table 11.3 represents the
number of iterations needed for a single call of Algorithm 11.2. Thus, for example,
for the problem arising at time 5�t , with 1 outer iteration of GMRES(20), the total
number of inner iterations is 240, which is still much more economical than solving
systems of the form Eq. (11.3) directly within GMRES; see also Sect. 11.7.1.

11.6.2 Implicit Generation of Variable Ĝ−1
k

In Step 6 of Algorithm 11.2, we need to solve linear systems of the form

Ĝdk = hk,

to determine an approximate solution d̂ via the conjugate gradient (CG) scheme
where we replace Ĝ by (BT Â−1B). Thus, the approximation of the action of

(BT Â−1B)
−1

on hk varies in each CG iteration.
The following theorem gives an explanation as to why there is no need to solve

the inner system (Step 6) accurately, i.e., at each CG iteration j , there is Ĝj such
that Ĝj d̂ = (BT Â−1B)d, where d̂ is close to d in the (BT Â−1B)-norm defined by

‖y‖2
(BT Â−1B)

= 〈
y,
(
BT Â−1B

)
y
〉
, ∀y ∈ R

m,

where 〈·, ·〉 is the usual Euclidean inner-product.
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Theorem 11.3 (Bank, Welfert and Yserentant [6]) Let (BT Â−1B) be a symmetric
and positive definite m × m matrix, and let d, d̂ ∈R

m satisfy
∥∥d − d̂

∥∥
(BT Â−1B)

≤ β ‖d‖
(BT Â−1B)

,

with 0 ≤ β < 1. Then there exists a symmetric positive definite matrix Ĝ with

Ĝ d̂ = (
BT Â−1B

)
d,

and ∥∥ I − Ĝ− 1
2
(
BT Â−1B

)
Ĝ− 1

2
∥∥

2 ≤ β.

Proof The proof is by construction and can be found in [6]. �

Let each CG iteration j yield an approximate solution dk,j with residual rk,j

given by

rk,j = hk − (
BT Â−1B

)
dk,j ,

= hk − (
BT Â−1B

)
Ĝ−1

j hk,

=
[
I − (BT Â−1B

)
Ĝ−1

j

]
hk.

Therefore, ∥∥∥ I − Ĝ
− 1

2
j

(
BT Â−1B

)
Ĝ

− 1
2

j

∥∥∥
2

≥ ‖ rk,j ‖2

‖hk ‖ .

In general, there exists a γ̂ ≈ 1, e.g. see [68, p. 194], such that

∥∥∥ I − Ĝ
− 1

2
j

(
BT Â−1B

)
Ĝ

− 1
2

j

∥∥∥
2

≈ γ̂
‖ rk,j ‖2

‖hk,j ‖2
.

Consequently, choosing the stopping criterion ‖ rk,j ‖2/‖hk ‖2 ≤ 10−2 will al-
most guarantee a value of β = O(10−2).

In order to verify this last observation, we conducted a set of numerical experi-
ments in which we solve Eq. (11.3) using the preconditioned Richardson iteration
(11.10) using Algorithm 11.2 with a relative residual stopping criterion of 10−6.
Here, the system in Step 6 is solved using the conjugate gradient algorithm (without
preconditioning) with Ĝ replaced by (BT Â−1B). Table 11.4 shows the results for
varying levels of the CG relative residuals stopping criterion (tol_CG), from 10−6

to 10−1, for a sample problem.

The vectors b = [fT gT ]T , r̃k = [rT
k sT

k ]T , and wk = [xT
k yT

k ]T are as given in
Algorithm 11.2, and δwk = w� − wk , in which w� is the exact solution of (11.3). It
is clear that using a tol_CG of 10−2 produces just as satisfactory a result had we
used a tol_CG of 10−6. This result confirms Theorem 11.3.
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Table 11.4 Inner-inner iteration: CG method in Step 6 of Algorithm 11.2

Problem Instance: t = 20�t

tol_CG Richardson iters ‖ r̃k ‖2/‖ r̃0 ‖2 ‖ δwk ‖2/‖b‖2

1.0e-6 12 8.4 × 10−7 10−4

1.0e-5 12 8.4 × 10−7 10−4

1.0e-4 12 8.4 × 10−7 10−4

1.0e-3 12 8.4 × 10−7 10−4

1.0e-2 12 8.4 × 10−7 10−4

1.0e-1 8 4.7 × 10−7 10−3

Table 11.5 Values of α
Problem SPAI-0 IC

Instance α0 α = α3
0 α

5�t 0.8748 0.6694 0.4912

10�t 0.8842 0.6913 0.5217

20�t 0.8617 0.6398 0.5021

Table 11.6 Inner-outer iterations

Ĝ = (BT Â−1B) =⇒ β ≈ 0

Problem GMRES(20)

Instance
SPAI(As , diag) IC(As , 15, 1.0e−4)

Richardson iters outer Richardson iters outer

5�t 12 1 8 1

10�t 11 1 8 1

20�t 12 1 8 1

In what follows, we generate A−1
0 via SPAI-0, and then obtain implicitly the

action of Â−1 on a vector via Eq. (11.23). For a sample problem at different time
Steps, Table 11.5 shows the spectral radii α = ρ(I − Â−1As) as well as those when
Â = RT R in which RT is the approximate Cholesky factor of As . Also, for solving
systems in Step 6 of Algorithm 11.2, Ĝd = h, we use the conjugate gradient scheme
with a relaxed stopping criterion, in which Ĝ = (BT Â−1B).

Now, using our complete nested iterative scheme, illustrated in Fig. 11.1, on the
same set of sample problems, with GMRES(20), yields a solution satisfying the
outer iteration stopping criterion of a relative residual less than or equal to 10−6,
only after one outer GMRES iteration, see Table 11.6.

Again, we show that using an approximate Cholesky factorization to generate Â

does not reduce the number of inner (Richardson) iterations sufficiently to justify
the additional cost in each time step.
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Table 11.7 Robustness of the nested iterative scheme

Ĝ = (BT Â−1B) =⇒ β ≈ 0 : CG method with ‖ r̃k ‖2/‖ r̃0 ‖2 ≤ 10−3

t np (n + m) Â α = α3
0 GMRES(k)

inner outer k ARMS

20�t 20 8777 SPAI(As , diag) 0.6913 13 1 20 10

100�t 240 95749 IC(As , 15, 10−4) 0.6514 10 2 50 †

SPAI(As , diag) 0.7216 14 3 50 †

200�t 240 111326 IC(As , 15, 10−4) 0.6911 12 3 50 †

SPAI(As , diag) 0.7502 15 4 50 †

Table 11.8 Parameters for ARMS

bsize nlev fillI filllast fillILUT droptolI droptollast

500–1000 2–5 60 50 50 0.0001 0.001

11.7 Numerical Experiments

We show the robustness of our nested iterative scheme illustrated in Fig. 11.1 by
solving linear systems (11.1) for varying sizes, as the number of particles increases
and the mesh size decreases, and at different time steps from 10�t to 200�t , as the
dominance of As (vs. Ass ) decreases.

Adopting a stopping criterion of a 10−6 relative residual for the outer GMRES
iterations, our results are shown in Tables 11.7, 11.8 and 11.10. In Table 11.7 we
give the number of inner (Richardson) and outer (GMRES) iterations. We also note
that for Â−1 generated via SPAI-0, with the implicit acceleration (11.23), and the
systems (BT Â−1B)d = h solved via the CG scheme with a relaxed stopping crite-
rion, the scheme is remarkably robust succeeding in solving all the linear systems
arising in the particulate flow simulations of Newtonian fluids.

In Table 11.7, we compare our nested iterative scheme, and GMRES with Saad’s
“black-box” preconditioner, “Algebraic Recursive Multilevel Solver”, see [60], ap-
plied to Eq. (11.1). In using ARMS(nlev), we employ nlev = 2 levels and in case of
failure we increase nlev to 5. Table 11.8 shows the parameters that need to be set
up for ARMS. These parameters can be fine-tuned for a particular system to assure
success. In Table 11.9, we compare our scheme with GMRES preconditioned via
the ILUT factorization of A . Note that both general purpose preconditioners, ILUT
and ARMS, could fail for our saddle-point problems. Finally, in Table 11.10 we il-
lustrate “scalability” of our nested iterative scheme in the sense that the number of
inner iterations in any given pass of Algorithm 11.2 remains almost constant with
only a modest increase in the number of outer (GMRES) iterations.
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Table 11.9 Comparison with ILUT

Size(A ) GMRES(k)

nested scheme ILUT(p,τ )

Â α = α3
0 k inner outer p τ iters k

29816 IC(As , 15, 10−3) 0.5198 20 8 2 15 0.0001 89 20

65471 IC(As , 15, 10−3) 10−4 20 2 2 15 0.0001 42 20

80945 IC(As , 15, 10−3) 10−4 50 2 2 15 0.0001 – 100

95749 SPAI(As , diag) 0.7216 50 14 3 15 0.0001 – 100

111326 SPAI(As , diag) 0.7502 50 15 4 15 0.0001 – 100

Table 11.10 “Scalability” of
nested iterative scheme np = 20, t = 70�t , Â−1 = SPAI(As ,diag)

(n + m) α = α3
0 GMRES(k)

inner outer k

3872 0.6782 12 1 20

6157 0.6973 12 1 20

10217 0.7012 13 2 20

31786 0.7314 14 2 20

56739 0.7196 14 3 20

81206 0.7512 15 3 40

105213 0.7419 15 3 40

11.7.1 Comparison with Other Preconditioners

We compare our scheme with algorithms of the form displayed in Fig. 11.4, i.e.,
GMRES inner–outer iterations. Here we consider two preconditioners

M1 =
[
A 0
0 BT A−1B

]
, and M2 =

[
As B

BT 0

]
.

In the block-diagonal preconditioner case, the preconditioned matrix P1 =
M −1

1 A has at most four distinct eigenvalues [52], namely 0, 1, and (1 ± √
5)/2.

Thus, it directly follows that for any vector, the associated Krylov subspace is of
dimension at most three if P1 is nonsingular (or four if P1 is singular). Thus,
any Krylov subspace iterative method with an optimality property, such as GM-
RES, will terminate in at most three iterations in exact arithmetic. As for the in-
definite preconditioner M2, more favorable distribution of the eigenvalues of the
(left-)preconditioned linear system P2 = M −1

2 A , is expected. Since solving with
the Schur complement (BT A−1B) is too expensive, the block-diagonal precondi-
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Fig. 11.4 A preconditioned
Krylov method

tioner M1 is approximated by

M̃1 =
[

diag(A) 0
0 BT (diag(A))−1B

]
,

and

M̃2 =
[
A 0
0 BT (diag(A))−1B

]
.

For the sake of completeness, we have added another popular symmetric indef-
inite preconditioner considered by Perugia and Simoncini in [55] for the solution
of the stabilized symmetric saddle point problem that arises in mixed finite element
approximations of magnetostatic problems,

M3 =
[

I B

BT 0

]
,

which is essentially a special case of Eq. (11.9) with Â = I and Ĝ = BT B .
To evaluate the performance of the different preconditioners used in conjunction

with inner–outer GMRES, e.g. see [58, 66, 67], numerical experiments have been
performed on the set of problems displayed in Table 11.2. The results presented
in Table 11.11 show that preconditioners M̃1, M̃2 and M3 require more than one
outer iteration, whereas M2 seems to be the most effective competitor to our nested
iterative scheme. Timing experiments on a uniprocessor, however, show that our
nested scheme is at least 8 times faster than the other preconditioners shown in
Table 11.11, used in the inner–outer GMRES setting of Fig. 11.4.

11.7.2 The Driven-Cavity Steady-State Case

Finally, we have used our nested scheme for obtaining the steady state solution
of the Navier–Stokes equations modeling the incompressible fluid flow within a
“leaky” two-dimensional lid-driven cavity problem in a square domain −1 ≤ x, y ≤
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Table 11.11 Performance of GMRES(20) with the different preconditioners

Time
instance

�t = 0.01, Re = 100.0, Newton Iteration 5

inner–outer
iterations

Block-diagonal Indefinite

M̃1 M̃2 M2 M3

5�t inner iters 10 6 7 14

nA = 4733 outer iters 8 2 1 11

10�t inner iters 14 8 15 20

nA = 5213 outer iters 8 2 1 12

20�t inner iters 12 7 10 16

nA = 4920 outer iters 8 2 1 11

Table 11.12 outer iteration: GMRES(k); a direct method for solving (11.3)

GMRES(10)

mesh outer ‖ residual‖2

8 × 8 3 1 × 10−6

16 × 16 4 2 × 10−7

32 × 32 4 1 × 10−7

GMRES(20)

mesh outer ‖ residual‖2

8 × 8 2 5 × 10−10

16 × 16 2 2 × 10−8

32 × 32 2 2 × 10−8

1 with fluid viscosity of 0.01. The boundary condition for this model problem is
ux = uy = 0 on the three walls (x, y = −1; x = 1), and ux = 1, uy = 0 on the
moving wall (y = 1). Using Picard’s iteration and mixed finite element (Q2/Q1)

approximation of the resulting linearized equations (Oseen problems), we obtain
systems of the form (11.1), derived from Picard’s ninth iteration. Moreover, we see
that even though the (1,1) block in Eq. (11.1) no longer has the advantage of the
term [(1/�t)× mass matrix], all the properties outlined above of its symmetric part
still hold. Using a uniform mesh, the tables below show the effectiveness of our
nested iterative scheme and its independence of the mesh size.

In Tables 11.12–11.13 we give the number of outer iterations of GMRES(10)
and GMRES(20) needed to reach a residual of 2-norm less than or equal to 10−6

for solving Eq. (11.1). In Tables 11.12, similar to the Golub–Wathen study [31], we
solve systems involving the preconditioner (11.2) using a direct scheme.

In Tables 11.13, we present similar results, except that we use our nested scheme
shown in Fig. 11.1, with Algorithm 11.2 limited to only four iterations. The results
shown in Tables 11.13 are the same whether the linear system in Step 6 of Algo-
rithm 11.2 is solved directly, or solved using the conjugate gradient scheme with
a relative residual stopping criterion of 10−2. For much larger problems, however,
the cost of direct solvers will be much higher than the CG scheme with a relaxed
stopping criterion. Furthermore, the 2-norm of the residuals in Tables 11.12 and
11.13 are essentially the same. This demonstrates the effectiveness of our nested
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Table 11.13 outer iteration: GMRES(k); the nested iterative scheme for solving (11.3)

GMRES(10)

mesh outer ‖ residual‖2 inner

8 × 8 3 9 × 10−7 4

16 × 16 4 4 × 10−7 4

32 × 32 8 2 × 10−7 4

GMRES(20)

mesh outer ‖ residual‖2 inner

8 × 8 2 5 × 10−10 4

16 × 16 2 7 × 10−8 4

32 × 32 4 5 × 10−8 4

iterative scheme, not only for obtaining time-accurate solutions of the particulate
flow problems, but also for the steady-state for driven cavity problem outlined here.

Finally, we would like to state that using flexible-type GMRES, to allow for
changes in the preconditioner from one outer iteration to another, has resulted in
inferior performance compared to that reported in Table 11.13. We would like also
to mention that GMRES(20), without preconditioning, requires 592 iterations for the
8 × 8 mesh, and failed to achieve a residual of 2-norm ≤ 10−5 after 2000 iterations,
for the 16 × 16 and 32 × 32 meshes.

11.8 Conclusion

We have presented a “nested iterative scheme” for solving saddle-point problems
which can be regarded as a preconditioned inexact Uzawa algorithm with an ad-
ditional correction step. The algorithm is essentially a preconditioned Krylov sub-
space method in which the preconditioner is itself a saddle-point problem. We pro-
pose a preconditioned Richardson iteration, with monotone convergence, for han-
dling those inner iterations, i.e. for solving those systems involving the precondi-
tioner. It should be noted that this Richardson scheme can be very effective in solv-
ing symmetric saddle-point problems in which the (1,1) block is symmetric positive
definite.

We have used our nested iterative scheme for solving those nonsymmetric saddle-
point problems that arise from the mixed finite element discretization of particulate
flows, in which the fluid is incompressible. We have shown that an “inexpensive”
preconditioner can be easily constructed, i.e. by constructing Â−1 and Ĝ−1. In par-
ticular, we have shown that it is sufficient to have Â−1 = SPAI(As,diag), acceler-
ated implicitly by three iterations, and to have the action of Ĝ−1 a close approxi-

mation of the action of (BT Â−1B)
−1

. This latter implicit construction of Ĝ−1 is
accomplished by solving systems involving (BT Â−1B) via the Conjugate Gradient
method with a relaxed stopping criterion.

We have compared our solution strategy of systems involving the adopted pre-
conditioner with other preconditioners available in the literature. The resulting
nested scheme proved to be more robust and more economical than others for han-
dling those particulate flow simulations. Moreover, our scheme proved to be “scal-
able”, and insensitive to changes in the fluid–particle system.
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Finally, we should point out that all basic operations of our nested iterative
scheme are amenable to efficient implementation on parallel computers.
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